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(p, q)-GENERALIZATION OF SZASZ-MIRAKYAN OPERATORS 


TUNCER ACAR 


Abstract. In this paper, we introduce new modifications of Szasz-Mirakyan 
operators based on (p, q')-integers. We first give a recurrence relation for the 
moments of new operators and present explicit formula for the moments and 
central moments up to order 4. Some approximation properties of new op¬ 
erators are explored: the uniform convergence over bounded and unbounded 
intervals is established, direct approximation properties of the operators in 
terms of the moduli of smoothness is obtained and Voronovskaya theorem is 
presented. For the particular case p = 1, the previous results for g-Szasz- 
Mirakyan operators are captured. 


1. Introduction 


With a great potential for applications, approximation theory has an impor¬ 
tant role in mathematical research. Since Korovkin’s famous theorem in 1950, the 
study of the linear methods of approximation given by sequences of positive and 
linear operators became a firmly entrenched part of approximation theory. Due to 
this fact, the well-known operators as Bernstein, Szasz, Baskakov etc. and their 
generalizations have been studied intensively. The rapid development of q-calculus 
has led to the discovery of new generalizations of approximation operators based 
on g-integers. A pioneer of q-calculus in approximation theory is Lupas [9], who 
first introduced the g-analogue of Bernstein polynomials. Since approximation by 
(/-Bernstein polynomials is better than classical one under convenient choice of q, 
generalizations of other well-known approximation operators were introduced, we 
refer the readers to [1] for more comprehensive details. 

Very recently, Mursaleen et al. applied (p, (/)-calculus in approximation theory 
and introduced first (p, (/)-analogue of Bernstein operators. They investigated uni¬ 
form convergence of the operators and rate of convergence, obtained Voronovskaya 
theorem as well. Also, (p, g)-analogue of Bernstein-Stancu operators and Bleimann- 
Butzer-Hahn operators were introduced in |12) and m, respectively. 

In the present paper, we introduce (p, g)-analogue of Szasz-Mirakyan operators. 
We begin by recalling certain notations of (p, (/)-calculus. Let 0 < g < p < 1. For 
each nonnegative integer k, n, n > k > 0, the (p, g)-integer [k]p (p, g)-factorial 
Wip q- g)-binomial are defined by 




fc > 1 
k = Q 
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and 

'n] ^ 

Mp,q' 

Note that if we take p = 1 in above notations, they reduce to g-analogues. 
Further, 

+ y)p,q ■= + y) (px + yy) [p^^ + y^y) ■■■ • 

Also the (p, (?)-derivative of a function /, denoted by Dp gf, is defined by 

{Dp,J) {x) := ^^0, (Dp^qf) (0) := f (0) 

provided that / is differentiable at 0. The formula for the (p, q)-derivative of a 
product is 


ep.g ( 2 ;) = ^ — 


Rr.-!) 


Dp^q {u {x) V (x)) := Dp^q {u (x)) V (qx) + Dp^q {v (x)) u {qx). 

For more details on (p, ( 7 )-calculus, we refer the readers to [51 [HI 0 dll IH] and 
references therein. There are two (p, 9 )-analogues of the exponential function, see 

0, 

and 

( 1 . 1 ) 


n—0 


nl ! 
- ‘p,g 


Ep^q {x) — 'y ( 


00 n(n — 1 ) 

q 2 ; 


n—O 




which satisfy the equality Cp^q (x) Ep^q (—x) = 1. For p = 1, Cp^q (x) and Ep^q (x) 
reduce to g-exponential functions. 


2. Construction of operators and Auxiliary results 


Considering the second (p, g)-exponential function (11.11) . we set the (p, g)-Szasz- 
Mirakyan basis function as 

Sn(p,q;x) =: —-p - ^q 2 --, n = l,2,... 

E{{n]p,qx) 

For q G (0,1), p S {q, 1] and x G [0, 00 ), s„ (p, q; x) > 0. We can also easily see that 

00 ^ 

(p,q;x) = 


E 




~ [n] x'^ 

2^9 ^#^ = 1. 


/c=0 




Definition 1. Let 0 < q < p < 1 and n G N. For f : [0,oo) M. we define the 
{p,q)- analogue of Szdsz-Mirakyan operators by 


(2.1) Sn,p,q{f;x) := 


1 


■E/ 


{kl 


r 1 /c ^ 
Hk-l) [n\p q 


E[[n\p^qx)Ee^ \y^ ^VAp,q) [fcW ■ 


The operators (EH) are linear and positive. For p = 1, the operators (EH) turn 
out to be q-Szasz-Mirakyan operators defined in nnj. 
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Lemma 1. Let 0 < q < p < 1 and n G N. We have 


(2.2) - 

Proof. Using the identity 

[k]p,g = + P[k - Mp, 

we can write 
Sn,p,q 


• / o- 1 r — 5*^/ • 

j J q2j-m-l J 


1 

E ([n]p_^ x) ho 


[n]p^g 


\lq + 

'WL [fc-iU! 


q “ (9"-'+P[^-lU) 

(^Wp.9 a:j fc=i y h‘Jp,q 




q 

'(K.9^) 

q 

'hu^) 


k—1 j=^0 




- l]p,g! 

(fc_l)(fc_2) r Tfc-l t 

|i 9-^- Wp.9 ^ 

Ip., 


m\ [k — l]p q (fc-ixfc-2) Np^q x^ ^ 


[fc- llp.g! 


/ m\ xp^ 

^ V J y ^ g('=- 2 )j 

———^^^yrrS'n.p.g (t^;x) , 


N fc L 

p,q^ 


which is desired. 

Lemma 2. Let 0 < g < p < 1 and n G N. We have 


(2.3) 

*5*71,p,g (I 7 

= 1 

(2.4) 

Sn,p^q (^7 

= gx 

(2.5) 

^n,p,q 7 

= pgx^ + 


Sn,p,q (i 5 

= p^x^ + 


^n,p,q 7 

p^x'^ 

~ 2 ~k 

q 


x^ (p^g + 2pg2) 

N„.o ^ [nl! „ 


-pg (p2 + 3pg + 3g^) 
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Proof. Since the proof of each equalities have same method we give the proof for 
only last two equalities. Using (j2.2L we get 


^n,p,q {f 7 — 


y-^Sn,p,q (1; X) + (t; x) + ^^Sn,p,q {t^ ] x) 

Np,9 9 


q^X 


2x^pq^ 


ni 


'p,q 


ni 




xp^ ( 2 , 9 a; 

— [pqx + --— 

9 V mr>.a 


3 3 + 2pq‘^) q^x 

= P X + - ' 


n 




n \ 




and 


Sn,p,q {t -i — 


^^-^Sn,p,q (1; X) + Sn,p,q [t] x) 


[n] 


P^Q 


[n] 


P,Q 


+ ^S (P-x) + ^S (t^-x) 

^ In] V ^2 V 


ip,q 

q^x Sx^pq^ 3xp^ 


Np,a W 


pqx 


p^q 

xp^ 






Jp,g 


9 

g X 




'33 x^ + 2pgai ^ 3 ^^ 

p X + - ' 


ni 




'P,q r-lp,q, 

X^ 3 f P^ + 2q + 3g^ ' 

-P 9 ' 




Jp,9 


9 


-P9 (p^ + 3pg + 3g2) 


JP,? 


4 

g X 


Jp,9 


□ 


Corollary 1. Using Lemma\^ we immediately have the following explicit formulas 
for the central moments. 


Sn,p,q (t X, x) — (g 1) X 
(2.6) Sn,p,q ((t - x)^ ; x^ = x^ {pq - 2q + 1) + 


2 

g X 


Jp,9 


Sn,p,q ({t - x)'^ ; x^ =x* (f^ - 4p^ + 6pq - 4g + 


(2.7) 


X 


P,<? 

2 


p"9 


p^ + 2g + 3g^ 


- 4 (p2g + 2pg2) + 6g2 j 


(pg (p2 + 3pg + 3g2) - 4g3) + 


Remark 1. For q € (0,1) and p € (g, 1] we easily see that limji_>oo ^ = 
1/ (p — g) . Hence, the operators i2.1\) are not approximation process with above 
form. In order to study convergence properties of the sequence of (p,q)-Szdsz op¬ 
erators, we assume that q = (qn) and p = (pn) such that 0 < g„ < p„ < 1 and 
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1 , Pn —>■ 1, (?" —>■ a, ^ as « —>■ c». We also assume that 

Wpn.9„ (9-1) = 

n—>-00 FniHn 

lim [n] {pnQn - 2qn + 1 ) = 7 , 

n—>-(-50 yn^Hn 


- ^Pn + 6p«9n - 4g„ + ij = p, 

It is natural to ask the existence of such sequences (qn) and (pn) ■ For example, let 
c,d € K+ such that c > d. If we choose qn = and Pn = 7 ^ then —>■ 1, 

e~‘^, liin„_>oo Mp g = 00 as n ^ 00 . Also we have 


Pn 
a = 


1 o” 

-‘-5 Hn 


e-^ P” 


a{e ^-e °) 


d—c 


7 = e “ — e /? = 0 . 


Corollary 2. According to Remark\^ we immediately have 


( 2 . 8 ) 

lim [ 

n—>-oo 


^n,Pn,qn 

= ax, 

(2.9) 

lim [n] 

n—>-oo 

Q 

.qn 

n.9„ ({t-xf;x'^ 

= 7 X^ -I- X 

( 2 . 10 ) 

lim [n] 

n—^oo 

.qn 

.. 9 n ({t-xf;x'j 

= Px'^. 


3. Direct Results 

In this section, we present local approximation theorem for the operators Sn,p,q- 
By Cb [0, 00 ), we denote the space of real-valued continuous and bounded functions 
/ defined on the interval [0, 00 ). The norm H-H on the space Cb [0, 00 ) is given by 

11/11= sup |/(a:)|. 

0<x<oo 

Further let us consider the following /C-functional: 

]C,{f,S)= inf {||/-g||+5||5"||}, 

where <5 > 0 and = {g G Cb [0, 00 ) : g',g" G Cb [0, 00 )} . By [3J p. 177, Theo¬ 
rem 2.4] there exists an absolute constant C > 0 such that 

(3.1) /C2(f,S)<Ccv2(f,Vs), 

where 

0 J 2 (f,d)= sup sup 1/(x -I- 2 / 1 ) - 2/(a; -I- /i) -I- /(a;)| 

0 <?i<\/ 5 a:G[ 0 ,oo) 

is the second order modulus of smoothness of f G Cb [0,oo) . The usual modulus 
of continuity of f G Cb [0, 00 ) is defined by 

uj{f,5)= sup sup \f {x + h) - f {x)\. 

Q<h<5 xG [0,oo) 

Theorem 1. Let p,q G (0,1) such that 0 < q < p < 1. Then we have 
\Sn,p,q if;x) - /(x)| < MuJ 2 (/, y' Sn (x)^ + UJ (f, (1 - q) x) , 
for every x G [0, oo) and f G Cb [0, oo), where Sn (x) = 2x^ (1 — g) -I- r f . 

L IJp.g 
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Proof. Let us consider the auxiliary operator 

( 3 - 2 ) Sn^p.q (/; x) = Sn,p,q (/; x) + f (x) - f (qx). 

The operators Sn,p,q are linear and it is clear by Lemma that 
( 3 - 3 ) Sn,p,q{l]x) = Sn,p,q(l-,x) =l 

and 

( 3 . 4 ^ Sn^p^q (t, x^ — Sji^p^q (t, x^ X qx — x. 

Let g G W'^. The classical Taylor’s expansion of 5 G yields for t G M"*" that 

g(t) = g (x) + g' (x) (t - x) 


I 

+ J {t — u) g" (u) du. 


Using (13.3|) and (13.4|) we have 


(3.5) 


Sn,p,q{g]x) - g{x) = Sn,p,q\ / {t - u) g” (u) du 


Hence, by (IT^ we can writeS'„,p,q (/; x) = Sn,p,q (/; x) + f (x) - f (qx) 


Sn,p,q ig;x) - g{x) 


< 


Sn 


+ Sn 


{t — u) g" (u) du; x 


qx 


(3.6) < 

On the other hand, using (12.61) we get 


\qx — u\ g" (u) du; x 


Sn,p,q (^{t - xf ; x'^ + {qx - xY 


2 

Sn,p,q{{t- xf ;x^ = x^ {pq-2q + l)+ ^ ^ 


VAr 


= x"^ {{p-l)q+l-q) + 


< x^ {{I-p)q+l-q) + 


9 

q X 


L 

2 

q^x 




(3.7) 

Then, by (13.61) we have 

Sn,p,q{g;x) - g{x) < ||g"|| 


< (1 - pq) + 


{l-pq) + -h {qx - xf 

H 


< Il5"ll 


2x^ (1 - g) + 


Jp.9 

X 


[n] 


P.9 
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Also, using (I3.21I . (12.11) and (12.31) we obtain 

Sn,p,Af-,^)\ < |^„.p.J/;a:)|+2||/|| < ll/ll +2 ll/ll <3| 

Observe that 

\Sn,p,q{f;x) - f {x)\ < Sn,p,q{f - g;x) - {f - g){x) 

+ Sn,p,q {g; x)- g {x) 

+ \f {x) - f {qx)\ 

< nf-g\\ + \\g''\\(2x^[l-q) + j^ 
(I-9) a;). 

Taking infimum on the right hand side over all g € we have 
\Sn,p,q{f;x)-f[x)\ < 4 /C 2 (/,2cr"(l-g) + ^ 




Using equality for every q G ( 0 , 1 ) and p G (< 7 , 1 ] we get 


\Sn,p,q{f-,x) - f {x)\ < Muj2y,^2x'^{l-q) + 

+w (/, (1 -q)x), 


n 


p,g, 


which completes the proof. 


□ 


4. Rate of Convergence 

First, let us recall the definitions of weighted spaces and corresponding modulus 
of continuity. Let C [0, 00 ) be the set of all continuous functions / defined on 
[0,oo) and i ?2 [0, 00 ) the set of all functions / defined on [0,oo) satisfying the 
condition |/ (x)| < M (l + x^) with some positive constant M which may depend 
only on /. C 2 [0, 00 ) denotes the subspace of all continuous functions in B 2 [0, 00 ). 
By C|[0,oo), we denote the subspace of all functions / G (72(0,00) for which 
lim 3 ,_>oo is finite. B 2 [0,oo) is a linear normed space with the norm II/II 2 = 
suPa;>o For any positive a, by 

^aif,S)= sup sup |/(t)-/(x)| 

|t—ai|<5 ai,tG[0,a] 

we denote the usual modulus of continuity of / on the closed interval [0, a]. For a 
function f € C 2 [0, 00 ), the modulus of continuity Wq (/, S) tends to zero. 

Theorem 2. Let / G (7| [0, 00 ), g = G (0,1), p = G (g, 1] such that g„ —>■ 1, 
p„ —>■ 1 as n —>■ 00 and uja+i (/, <5) he its modulus of continuity on the finite interval 
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[0, a + 1] C [0, oo). Then we have 


(/;x)-/(a;)||^[o^^] < 6M/(l + a^) a (1 - pg) + 


+2wa+i /, (1 - pq) + 


[n\ 




Proof. For x G [0, a] and t > a + 1, since t — x > 1, we have 
\fit)-f{x)\ < Mf{2 + x^+r) 

< Mf(2 + 3x^ + 2(t- xf^ 

(4.1) < 6Mf (1 + a^) (t - xf . 

For X € [0, a] and 1 < a + 1, we have 

1 + - —^Wa+l if,5), d > 0. 

By (03]) and (g^l) , we can write 

1/ (t) - f{x)\< 6Mf (1 + a^) {t - xf + (^1 + ^^“+1 (/’ 

for X G [0, a] and t > 0. Thus, applying the operators to both sides of above 
inequality, we have 

\Sn,p,q{f;x) - f {x)\ < Sn,p,q{\f (t) - f {x)\;x) 

< 6Mf {1 + a"^) Sn,p,q (^{t - xf ;x'^ 

1/2 

+ ^1 + - - ^Wa+1 (/, S) + -^Sn,p,q (^{t — x)^ ’ ^ 

Hence, by Cauchy-Schwarz inequality and inequality (13.71) we obtaina;^ (1 — pq) + 

X 


(4-2) 1/ it) - f (a;)| < Wa+i (/, \t - a;|) < ^ 


\Sn,p,qif;x) - f {x)\ < 6M/(l + a^) 


(1 - pq) + 


+UJa+l (/, ^4 + ^ (1 - w) + 


< 6M/(l + a^) a I a (1 — pg) + 

1 


1/2 


Jp.i? , 


+Wa+1 (/, ^) 1 + T ® (1 “ pq) + 


>p,g 



Choosing S = (1 -pg) + 


□ 


we have desired result 
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5. Weighted Approximation By Sn , p,q 

Now we give approximation properties of the operators Sn,p,q on the interval 
[0,oo). 

Since 

2 

Sn,p,q = l+pqx'^ + -^^ 

Fjp,9 

< 1 + + X 

and if a; G [0,1], then x < 1 and if x G (1, oo), then x < x^. Hence we have 

Sn,p,q (l + x) < 2 ( 1 + X^) 

which says that Sn,p,q are linear positive operators acting from C 2 [0, 00 ) to B 2 [0, 00 ). 
For more details see nil]. 

Theorem. A. Let the sequence of linear positive operators (Ln) acting from 
C 2 [0,oo) to B 2 [0,oo) satisfy the three conditions 

lim ||L„ei - CiL = 0, i = 0,1, 2. 

n—^oo 

Then for any function / G C| [0, 00 ) 

lim ||L„/ - /II 2 = 0. 

n—>-oo 

Theorem 3. Let q = qn € (0,1), p = Pn & (9i 1] such that —>■ 1, p„ —>■ 1 as 

n —>■ 00 . Then for each function / G C| [0, 00 ) we get 

lim ll'S'n,p„.9„/-/|l2 = 0- 

n—>-oo 

Proof. According to Theorem A, it is sufficient to verify the following three condi¬ 
tions 


(5.1) lim — 0, i — 0,1,2. 

n—>-oo 

By (12.31) . (|5.1I) holds for j = 0. By (12.41) and (12.51) we have 

lie II _ i^-Qn)x 

||*^n,pn,9Ti^l ^l|l2 — sup 1 1 2 — ^ 

x>0 ^ ~T X 


and 


||5'„.p„.g„e2 - 62112 = 

ai>0 


0--Pnqn)x‘^ + 1 ;^ 
1 + X^ 


< (1 -Pnqn) + 


JPn.9n 


Last two inequality mean that dSD) holds for i = 1,2. By Theorem A, the proof is 
completed. □ 


(5.2) 


The weighted modulus of continuity is denoted by H (/; S) and given by 

\f {x + h) - f {x)\ 


n{f;S)= sup 


0</i<(5, a:e[0,oo) (1 “b h^) (1 -|- X^) 
for / G C 2 [0, 00 ). We know that for every / G C| [0, oo), H (.; 6) has the properties 


lim Ll (/; 5) = 0 

and 

(5.3) n{f-,XS)<2{l + X){l + 6‘^)n{f;6), A > 0. 
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For / S C 2 [0, 00 ), from (I5.2p and (15. we can write 


(5.4) 1/ {t) - f{x)\< + xf'j (1 + x'^) n if; \t - xl) 


<2 1 + 


\t-x\ 


{1 + S^)nif;d) (l + it-xf) (l + x^). 


All concepts mentioned above can be found in [^. 

Theorem 4. Let Q<q — qn<p = pn<l such that t 1, Pn —t 1 as n —>■ 00 . 

Then for / G CJ [0,oo) there exists a positive constant A such that the inequality 

^ (/■ 1/A.,(")) 

rcG[0,oo) (1 + a;^) ' V V / 

holds, where (n) = max |l — pq, 1/ and A is a positive constant. 

Proof. Since Sn,p,q (l;a;) = 1 and using the monotonicity of Sn,p,q we can write 
\Sn,p,qif;x) - f ix)\ < Sn^p^qilf (t) - f ix)\;x) . 

On the other hand, we have from (15.41) that 
\Su,p,q if;x) - /(x)| 

< 2(1 + ( 5 ^) O (/; d) (1 + X^) |s'n,p,(3r J+ (t — x) ) i 

< 2 (1 + O if; 5 ) (1 + X^) |s'n.p,9 ( 1 ; x) + Sn,p,q [it - xf ; xj 

P~^^n,p,q i\t x| , x) + -^Sji^p^q ^ ■ 

Using Cauchy-Schwarz inequality, we can write 

\Sn,p,q if;x) - f (x)| < 2 (1 + ( 5 ^) O if;d) (l + x^) js'n.p.g (l;a;) + Sn,p,q [it - xf;x^ 

+ ^ 7 X^ + — ^ 7 X^ ^ Sji^p^q ^ it 

On the other hand, using (12.61) we have 

Sn,p,q (it - xf ;x) < x^ (1 -pg) + f 

^ ’ Np.g 

< CiO(/3p.,(n))(l + x2), 

where Ci > 0 and (n) = max |l - pg, 1/. Since lim„^ooPngn = 1 
lim„_>oo 1/ „ =0, there exists a positive constant A^ such that 

S-a,p,q [it - xf ;xj < A2 (1 + X^) . 

Also, using (12.71) we get 

[Sn,p,q [it - x)^ ; x"^'^ <A 3(1 + x^) 


- X ;x , 
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and 


Sr 


( 2 \ 


for A 3 > 0 and A 4 > 0. So we have 
\Sn,p,q {f]x) - f{x)\ < 2 fl + 


l^p,q (^) 


ii(/;l/\//3p,, (n)) (l+p}{l + >l 2 (l + p:^} 


+Ao (/3,,, („)) ■'’(! + + A,{l + r‘)^0 (/3,,, (n)) (l + A)'''“ 

Choosing S = (3^^^ jWe obtain 

\Sn,p,qU\x) - f {x)\ < 2 (1 + /3p (n)) n (^f; 1/Pp^q H) (1 + a;^) {1 + A 2 (l + x^) 

+CAi (1 + x^Y'^ + C1A3A4 (1 + . 

For 0 < g < p < 1, /3p ,j (n) < 1. Hence we can write 

\Sn,p,q — f (a;) I 4n / f 1 / Pa '/ 

+ - •1*' d-<"V • 

where A = 4 (1 + A 2 + CA 4 + Ci A 3 A 4 ) , hence the result follows. 


A 4 


□ 


6. VORONOVSKAYA THEOREM FOR S,, 


Here we give Voronovskaya theorem for Sn,p,q. 

Theorem 5 . Let 0 < < p„ < 1 such that qn —>■ 1, p„ —>■ 1, ^ a, p"^ ^ b as 

n —>■ 00. For any / £ Cf [0, 00) such that f, f" £ Cl [0, 00) we have 

[ 5 'n,p„.g„ (/; x)- f (x)] = axf {x) + (73;^ + x) /" {x) 
uniformly on any [0, A], A > 0. 

Proof. Let /, /', /" £ C| [0, 00) and x £ [0,oo). By the Taylor formula we can 
write 

(6.1) /(/) = / (a;) + /' (x) it-x) + ^f" {x) {t - xf + h {t, x) {t - xf , 

where h {t, x) is Peano form of the remainder. The function h (•, x) £ C| [0, 00) and 
for n large enough limt_>.a; h (t, x) = 0. 

Applying the operators (12.11) to both sides of (16.11) we get 

Wp„.9„ ['S'n.p„,9„ (/; x)- f (x)] = /' {x) Sr,,p^^q^ {t - X] x) + f” [x) Sn,p^^q^ ((t - xf 

+ 5 'ra,p„,ij„ (ji (t, x) {t — x) ; . 

By the Cauchy-Schwarz inequality, we have 

(6.2) 

Sn,Pn,qn (jl {t, x) {t — x) ',x'j < '\J Sn,Pn,qn (/l^ '1 Sn,Pn,qn (jf ~ • 

Observe that h^ {x, x) = 0 and h? (•, x) £ C| [0, 00) . Then it follows from Theorem 
[3] that 

(6.3) lim Sn,p^,q^ {h^ (t, x); x) = h^ (x, x) = 0 
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uniformly with respect to a; G [0, A]. Hence from (16.2L (|6.3I1 and (j2.10|) we obtain 
(6-4) {h (t, {t - xf ; x) =0. 

Then using ( 12 . 81 ) . ( 12 . 91 ) and ( 16 . 41 ) we have 

1™ Np„.g„ {^n,pn,qn (/; x)- f (x)] = /' (x) lim [n]p^ g^ Sn,p„,q„ {t - X] x) 


Sn,p^,q^ ((t - xf ; x) 

+ Wp„.9„ Sn^Pn,qn (h (t, x) (t -xf;x 

= axf (x) + (yx^ + x) /" (x), 


which is desired. 


□ 
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